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Abstract
Let G/K be an orbit of the adjoint representation of a compact connected
Lie group G, σ be an involutive automorphism of G and G˜ be the Lie group of
fixed points of σ. We find a sufficient condition for the complete integrability
of the geodesic flow of the Riemannian metric on G˜/(G˜∩K) which is induced
by the bi-invariant Riemannian metric on G˜. The integrals constructed here
are real analytic functions, polynomial in momenta. It is checked that this
sufficient condition holds when G is the unitary group U(n) and σ is its
automorphism determined by the complex conjugation.
Introduction
Let G/K be a homogeneous space of a compact Lie group G. We consider
the problem of the complete integrability of the geodesic flow of the Riemannian
metric on G/K which is induced by a bi-invariant Riemannian metric on G. This
problem was solved for some types of homogeneous manifolds including symmetric
spaces, spherical spaces, Stiefel manifolds, flag manifolds, orbits of the adjoint
actions and others (see [Ma], [Mi], [GS], [My2], [MS], [BJ1], [BJ3], [MP]). Here
we consider the new family of homogeneous manifolds, namely, the suborbits of
orbits of the adjoint actions.
This paper is motivated by the paper [DGJ1], in which there were constructed
integrable geodesic flows of G˜-invariant metrics on the homogeneous space G˜/K˜ =
SO(n)/
(
SO(n1)× · · · × SO(np)
)
, n1 + · · ·+ np = n (ni > 1, p > 3). The method
of the proof in [DGJ1] is based on investigations of bi-Poisson structures on the
Lie algebras u(n) and so(n) associated with Lie algebra deformations. We consider
the Lie-algebraic aspects of the integrability problem for such homogeneous spaces.
Our approach is based on the following observation: the space G˜/K˜ is a G˜-suborbit
of the adjoint orbit G/K = U(n)/
(
U(n1)× · · · ×U(np)
)
of the Lie algebra u(n) of
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the unitary group, i.e. G˜/K˜ = Ad(G˜)(a), where a ∈ u(n), and G/K = Ad(G)(a).
Moreover, G˜ is the group of fixed points of the involutive automorphism σ of U(n)
induced by the complex conjugation. In other words, the space G˜/K˜ is determined
uniquely by the pair (G/K, σ), where G/K = Ad(G)(a) is an arbitrary adjoint
orbit of the Lie group G in its Lie algebra g with a ∈ (1− σ∗)g, σ∗ is the tangent
automorphism of the Lie algebra g.
Let G be an arbitrary compact connected Lie group G with an involutive au-
tomorphism σ : G→ G and let G˜ be the set of fixed points of σ. In the article we
investigate the integrability of the geodesic flow on the cotangent bundle T ∗(G˜/K˜)
defined by a G˜-invariant metric on G˜/K˜ which is induced by a bi-invariant Rieman-
nian metric on G˜. As a homogeneous space G˜/K˜, we consider the homogeneous
space associated with the adjoint orbit G/K = Ad(G)(a) of an arbitrary point
a ∈ (1− σ∗)g, i.e. K˜ = G˜ ∩K. We find a sufficient purely algebraic condition for
the integrability of this geodesic flow on the symplectic manifold T ∗(G˜/K˜) (Theo-
rem 2.6, Propositions 2.10 and 2.11). We prove that this sufficient condition holds
when G is the unitary group U(n) and σ is its automorphism defined by the com-
plex conjugation (Theorem 2.12). These results confirm the Mishchenko-Fomenko
conjecture [MF2], which says that a noncommutative integrability implies a Li-
ouville (complete) integrability by means of the integrals in the same functional
class (the geodesic flow of a metric on G/K induced by a bi-invariant metric on
G is integrable in a noncommutative sense by means of analytic, polynomial in
momenta functions [BJ1]). Our approach is based on the fact that G˜/K˜ ⊂ G/K
is a totally real (Lagrangian) submanifold of the homogeneous Ka¨hler manifold
(the compact orbit) G/K and T (G˜/K˜) ⊂ T (G/K) is a totally real submanifold
of T (G/K). However, to simplify calculations we reformulate this fact in some
algebraic terms (not explicitly because explicit reformulation would be very com-
plicated from the point of view of calculations on T (T (G/K))). Also matters are
considerably simplified by using a very interesting observation of Bolsinov and
Jovanovic´ [BJ3] about the set of roots associated with the homogeneous space (or-
bit) G/K and results of Kostant [Ko] describing all maximal dimension orbits of
semisimple complex Lie algebras.
One calls a Hamiltonian system on T ∗M (completely) integrable if it admits
the maximal number of independent integrals in involution, i.e. dimM functions
commuting with respect to the Poisson bracket on T ∗M whose differentials are
independent in an open dense subset of T ∗M . This set of integrals is a complete
involutive subset of the algebra C∞(T ∗M). By Liouville’s theorem the integral
curves of an integrable Hamiltonian system under a certain additional compactness
assumption are quasiperiodic (are orbits of a constant vector field on an invariant
torus).
Let AG be the set of all G-invariant real analytic functions on the cotangent
bundle T ∗M of M = G/K. This space is an algebra with respect to the canonical
Poisson bracket on the symplectic manifold T ∗M . The natural extension of the
action of G on M to an action on the symplectic manifold T ∗M is Hamiltonian
with the moment mapping µcan : T ∗M → g∗. The functions of the type h◦µcan, h :
g∗ → R, are integrals for any G-invariant Hamiltonian flow on T ∗M , in particular,
for the geodesic flow corresponding to any G-invariant Riemannian metric on M .
In general, a complete involutive subset of {h ◦µcan, h : g∗ → R} is not a complete
involutive subset of the algebra C∞(T ∗M). However, for the compact Lie group
2
G the problem of constructing a complete involutive set of real analytic functions
on T ∗(G/K) is reduced to the problem of finding a complete involutive set of real
analytic functions from the set AG (see [My3, §2], [BJ1, Lemma 3], [Pa]). This is
true also for the group G˜ and the corresponding algebra AG˜ ⊂ C∞(T ∗(G˜/K˜)).
The algebra of functions AG on T ∗(G/K), where, recall, G/K is the adjoint
orbit, contains some complete involutive subset F of AG ([MP, Theorem 3.10],
see also [BJ2], [BJ3]). The homogeneous space G˜/K˜, as we remarked above,
is a submanifold of G/K and therefore T (G˜/K˜) is a submanifold of T (G/K).
Moreover, T (G˜/K˜) is a symplectic submanifold of T (G/K), where the symplectic
structures on these spaces are defined via isomorphisms T (G˜/K˜) ≃ T ∗(G˜/K˜)
and T (G/K) ≃ T ∗(G/K) using a standard G-invariant metric on G/K and its
restriction to G˜/K˜ (see Proposition 1.4). The set F˜ = {f |T (G˜/K˜), f ∈ F} of
restrictions is an involutive subset of the algebra AG˜. This involutiveness of the
functions from F˜ is a consequence of the fact that G/G˜ is a symmetric space and
follows easily from results published in [MF1], [TF]. The following observation is
crucial in our approach:
if the functions from the set F are independent at some point of the
symplectic submanifold T (G˜/K˜) ⊂ T (G/K), then the set F˜ is a complete
involutive subset of the algebra AG˜.
Therefore we investigate some open dense subset O of T (G/K), where all func-
tions from the set F are independent (in the paper [MP] only the existence of such
a set was proved). We prove that O ∩ T (G˜/K˜) 6= ∅ if G is the unitary group U(n)
and σ is its automorphism determined by the complex conjugation (Theorem 2.12).
The present paper is also motivated by the following observation: in the above
mentioned paper [DGJ1] the first part of the proof of Theorem 4 needs an addi-
tional argumentation (see more detailed comments in Remark 2.13). Nevertheless,
the assertion of this theorem is true as follows from our result.
Note that the existence of complete commutative subalgebras of AG is an in-
teresting and non-trivial problem. In the review paper [BJ4] this problem was for-
mulated as Conjecture 6.1 in terms of the so-called integrable pairs of Lie groups
(G,K) (in the case of compact Lie groups). The present paper proves this conjec-
ture for a series of important particular cases.
I thank the anonymous referees for a thorough reading of the manuscript and
a comprehensive list of suggestions that helped me to improve the presentation.
1 Some definitions, conventions, and notations
All objects in this paper are real analytic, X stands for a connected manifold,
E(X) for the space of real analytic functions on X .
We will say that some functions from the set E(X) are independent if their
differentials are independent at each point of some open dense subset in X . For
any subset F ⊂ E(X) denote by ddimx F the maximal number of independent
functions from the set F at a point x ∈ X . Put ddimF
def
= maxx∈X ddimx F .
Let η be a Poisson bi-vector on X and let A ⊂ E(X) be a Poisson subalgebra
of (E(X), η), i.e. A is a real vector space closed under the Poisson bracket {, } :
(f1, f2) 7→ η(df1, df2) on X . Put (DA)x
def
= {dfx : f ∈ A} ⊂ T ∗xX for any x ∈ X .
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Let Bx denote the restriction of ηx to this subspace (DA)x. We say that a subset
F ⊂ A is a complete involutive subset of the algebra (A, η) if at each point x of some
open dense subset in X the subspace Vx
def
= 〈dfx : f ∈ F〉 ⊂ (DA)x is maximal
isotropic with respect to the form Bx, i.e. Bx(Vx, Vx) = 0 and Bx(v, Vx) = 0 for
v ∈ (DA)x implies v ∈ Vx. In particular, any two functions f1, f2 ∈ F are in
involution on X , i.e. {f1, f2} = 0.
Definition 1.1. A pair (η1, η2) of linearly independent bi-vector fields (bi-vectors
for short) on a manifold X is called Poisson if ηt
def
= t1η1 + t2η2 is a Poisson bi-
vector for any t = (t1, t2) ∈ R2, i.e. each bi-vector ηt determines on X a Poisson
structure with the Poisson bracket {, }t : (f1, f2) 7→ ηt(df1, df2); the whole family
of Poisson bi-vectors {ηt}t∈R2 is called a bi-Poisson structure.
A bi-Poisson structure {ηt} (we will often skip the parameter space) can be
viewed as a two-dimensional vector space of Poisson bi-vectors, the Poisson pair
(η1, η2) as a basis in this space.
Suppose that a linear subspace A ⊂ E(X) is a Poisson subalgebra of (E(X), ηt)
for each t ∈ R2 \ {0}. Let Btx denote the restriction of η
t
x to the subspace (DA)x,
x ∈ X .
Definition 1.2. We say that the pair (A, {ηt}) is Kronecker at a point x ∈ X for
which ddimxA = ddimA if the linear space {B
t
x, t ∈ C
2} is two dimensional and
rankCB
t
x is constant with respect to (t1, t2) ∈ C
2 \{0}. We regard Btx, t ∈ C
2, as a
complex bilinear form t1B
(1,0)
x +t2B
(0,1)
x on the complexification (DA)Cx ⊂ (T
∗
xX)
C.
The definitions above are motivated by the following assertion of Bolsinov which
is fundamental for our considerations.
Proposition 1.3. [Bo] Let B1 and B2 be two linearly independent skew-symmetric
bilinear forms on a vector space V . Suppose that the kernel of each form Bt =
t1B1 + t2B2, t ∈ R
2, is non-trivial, i.e. 0 < r
def
= mint∈R2 dimkerB
t. Put T =
{t ∈ R2 : dimkerBt = r}. Then
(1) the subspace L
def
=
∑
t∈T kerB
t is isotropic with respect to any form Bt,
t ∈ R2, i.e. Bt(L,L) = 0;
(2) the space L is maximal isotropic with respect to any form Bt, t ∈ T if and
only if dimC kerB
t = r for all t ∈ C2 \ {0}.
Consider a connected Riemannian manifold (M,g) and its connected Rieman-
nian submanifold (M˜, g˜), where g˜ = g|M˜ . The cotangent bundles T
∗M and T ∗M˜
are symplectic manifolds with the canonical symplectic structures Ω and Ω˜ respec-
tively. Using the metric g (resp. g˜) we can identify T ∗M with TM (resp. T ∗M˜
with TM˜), denoting by ϕ : TM → T ∗M (resp. ϕ˜ : TM˜ → T ∗M˜ ) the corre-
sponding diffeomorphism. Let p : TM → M (resp. p˜ : TM˜ → M˜) be the natural
projection and let θ (resp. θ˜) be the canonical 1-form on T ∗M (resp. on T ∗M˜).
Proposition 1.4. The symplectic manifold (TM˜, ϕ˜∗Ω˜) is a symplectic submani-
fold of (TM,ϕ∗Ω), i.e. ϕ˜∗Ω˜ = ϕ∗Ω|TM˜ . Moreover, ϕ˜
∗θ˜ = ϕ∗θ|TM˜ .
Proof. By the definition, θx′(Z
′) = x′(pi∗x′Z
′), where pi : T ∗M →M is the natural
projection, x′ ∈ T ∗qM , q = pi(x
′), Z ′ ∈ Tx′(T ∗M).
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If x, y ∈ TqM , then ϕ(x) ∈ T ∗qM and, by the definition, ϕ(x)(y) = gq(x, y).
Putting x′ = ϕ(x) ∈ T ∗qM (to simplify the notation) and taking into account that
pi ◦ ϕ = p we obtain that for any Z ∈ TxTM
(ϕ∗θ)x(Z)
def
= θϕ(x)(ϕ∗xZ)
def
= x′(pi∗x′(ϕ∗xZ))
= x′((pi ◦ ϕ)∗xZ) = x
′(p∗xZ) = gq(x, p∗xZ).
Similarly, we obtain that
(ϕ˜∗θ˜)x˜(Z˜) = g˜q˜(x˜, p˜∗x˜Z˜) for any q˜ ∈ M˜, x˜ ∈ Tq˜M˜, Z˜ ∈ Tx˜TM˜.
In other words, ϕ˜∗θ˜ = ϕ∗θ|TM˜ , because p|TM˜ = p˜ and g|M˜ = g˜. Now to complete
the proof it is sufficient to note that Ω = dθ and Ω˜ = dθ˜.
2 The integrability of geodesic flows
In this section for any compact Lie algebra a by z(a) we will denote its center and
by as its maximal semisimple ideal, i.e. a = z(a)⊕ as; for any real vector space or
any Lie algebra a by aC we will denote its complexification.
2.1 Commutator on AKm induced by canonical Poisson struc-
ture on T ∗(G/K)
Let M = G/K be a homogeneous space of a compact connected Lie group G
with the Lie algebra g. There exists a faithful representation χ of g such that its
associated bilinear form Φχ is negative-definite on g (if g is semi-simple we can
take the Killing form associated with the adjoint representation of g). Let m = k⊥
be the orthogonal complement to k with respect to Φχ. Then
g = m⊕ k, [k,m] ⊂ m. (2.1)
The form 〈, 〉 = −Φχ determines a G-invariant metric on G/K. This metric
identifies the cotangent bundle T ∗(G/K) and the tangent bundle T (G/K). Thus
we can also talk on the canonical 2-form Ω on the manifold T (G/K). The sym-
plectic form Ω is G-invariant with respect to the natural action of G on T (G/K)
(extension of the action of G on G/K).
We can identify the tangent space To(G/K) at the point o = p(e) with the
space m by means of the canonical projection p : G → G/K. Let AG (resp. AKm )
be the set of all G-invariant (resp. Ad(K)-invariant) functions on T (G/K) (resp.
on m). There is a one-to-one correspondence between G-orbits in T (G/K) and
Ad(K)-orbits in m. Thus we can naturally identify the spaces of functions AG and
AKm . For any smooth function f on m write gradm f for the vector field on m such
that
dfx(y) = 〈gradm f(x), y〉 for all y ∈ m.
The Poisson bracket of two functions f1, f2 from the set A
K
m = A
G with respect
to the canonical Poisson structure ηcan (determined by the canonical 2-form Ω)
has the form [MP, Lemma 3.1] :
{f1, f2}
can(x) = −〈x, [gradm f1(x), gradm f2(x)]〉, x ∈ m. (2.2)
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Now, let us consider an important for our considerations subspace of m. For
any x ∈ m define the subspace m(x) ⊂ m putting
m(x)
def
= {y ∈ m : [x, y] ∈ m} = {y ∈ m : 〈y, adx(k)〉 = 0}, (2.3)
in particular,
adx
(
m(x)
)
⊂ m and m(x)⊕ adx(k) = m.
For any element x ∈ g denote by gx its centralizer in g, i.e. the set of all z ∈ g
satisfying [x, z] = 0. Put kx = gx ∩ k. Consider in m a nonempty Zariski open
subset:
R(m) = {x ∈ m : dim gx = q(m), dim kx = p(m)}, (2.4)
where q(m) (resp. p(m)) is the minimum of dimensions of the spaces gy (resp.ky)
over all y ∈ m.
Let (·)m be the projection of g into m along k. For each x ∈ R(m) the spaces
m(x) and (gx)m ⊂ m(x) have the same dimensions:
dimm(x) = dimm− dimadx(k) and dim(gx)m = dim g
x − dim kx.
Moreover, for each x ∈ R(m) the maximal semi-simple ideal (gx)s = [gx, gx] of gx
is contained in the algebra kx, i.e.
[gx, gx] = [kx, kx], if x ∈ R(m), (2.5)
(see [My3, Prop.10] or [Mi]). Therefore, dim(gx/kx) = rankg− rank kx, i.e.
dim gx = rank g+ (dim kx − rank kx), if x ∈ R(m). (2.6)
It is clear that gradm f(x) ∈ m(x) for any f ∈ A
K
m . Moreover, since the Lie
group K is compact, for each x from some nonempty Zariski open subset of m the
space m(x) is generated by the vectors gradm f(x), f ∈ A
K
m . For any x ∈ R(m) the
kernel of the 2-form B0x : m(x) × m(x) → R, (y1, y2) 7→ −〈x, [y1, y2]〉, associated
with the Poisson structure ηcan, is the space (gx)m:
{y ∈ m(x) : 〈x, [y,m(x)]〉 = 0} = {y ∈ m(x) : 〈[x, y],m(x)〉 = 0}
= {y ∈ m(x) : [x, y] ∈ adx(k)} = (gx)m ∩m(x) = (g
x)m.
Hence the number 12 (r(m) + dimm(x)), where
r(m) = dim(gx)m = dim g
x − dim kx = q(m)− p(m), x ∈ R(m), (2.7)
is the maximal number of functions in involution from the set AKm functionally
independent at the point x.
For an arbitrary element x ∈ R(m), we have [My3, Prop.9]
[m(x), kx] = 0. (2.8)
The compact Lie algebra k is the direct sum k = z(k) ⊕ ks of the center and
of the maximal semisimple ideal. The center z(k) of k will be denoted simply by
z for short. Then we have the following orthogonal splittings with respect to the
invariant form 〈·, ·〉: k = z⊕ ks, g = (m⊕ z) ⊕ ks.
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Consider the set R(m ⊕ z) determined by (2.4) for the pair (g, ks). Then for
any x + z ∈ m ⊕ z such that x ∈ R(m), z ∈ z and x + z ∈ R(m ⊕ z), we have
kx+zs = k
x
s because [z, k] = 0. However, ks contains the maximal semi-simple ideal
of the compact Lie algebra kx, and therefore (dim kx−rank kx) = (dim kxs−rank k
x
s ).
Thus by (2.6)
q(m) = dim gx = rank g+ (dim kx − rank kx) = rank g+ (dim kxs − rank k
x
s )
= rank g+ (dim kx+zs − rank k
x+z
s ) = dim g
x+z = q(m ⊕ z).
(2.9)
The following proposition will be often used in subsections 2.2 and 2.3.
Proposition 2.1. Suppose that k = ga for some a ∈ g and x0 ∈ R(m). Let g0 and
k0 be the centralizers of the algebra k
x0 in g and k respectively. Let m0 = g0 ∩ m.
Then
(1) for any x ∈ m0 ∩R(m) (this set contains x0) we have m0(x) = m(x);
(2) for any x ∈ m0 ∩R(m) we have kx = kx0 and x ∈ R(m0);
(3) a ∈ g0, gx0 = g
x0
0 ⊕ (k
x0)s and the direct sum g0 ⊕ (kx0)s is a subalgebra
of maximal rank of g;
(4) each element x of the set R(m0) is a regular element of the Lie algebra g0
and its centralizer kx0 in k0 is the center z(g0) of g0;
(5) r(m) = r(m0) = rank g0 − dim z(g0).
Proof. Items (1) and (2) follows immediately from Proposition 2.3 [MP]. It is
clear that a ∈ g0 because a ∈ z(k). By (2.5), (gx0)s = (kx0)s ⊂ k, i.e. gx0 =
z(gx0) ⊕ (kx0)s and k
x0 = z(kx0 )⊕ (kx0)s. Since by definition k
x0 ⊂ gx0 , we obtain
that [z(gx0), kx0 ] = 0, i.e. z(gx0) ⊂ g0, and consequently, g
x0
0
def
= gx0 ∩ g0 = z(gx0).
In other words, x0 is a regular element of the Lie algebra g0 and g
x0 = gx00 ⊕(k
x0)s.
Since the Lie algebra (kx0)s is semisimple, g0 ∩ (k
x0)s = 0. The subalgebra g0 ⊕
(kx0)s ⊂ g is a subalgebra of maximal rank because it contains the centralizer gx0 .
Each element x of the set R(m0) is also regular in g0 because x0 ∈ R(m0) by
(2) and by definition of the set R(m0) (see (2.4)), dim g
x
0 = dim g
x0
0 (= rank g0).
By the definition, z(kx0) = kx0 ∩ g0 and z(kx0) ⊂ z(g0). Since k
x0
0
def
= kx0 ∩
g0, we obtain that k
x0
0 = z(k
x0 ) and kx00 ⊂ z(g0). But a, x0 ∈ g0. Hence these
elements commute with the center z(g0) of g0 and, consequently, z(g0) ⊂ ga = k
and z(g0) ⊂ gx0 . In other words, z(g0) ⊂ k ∩ gx0 ∩ g0
def
= kx00 , i.e. k
x0
0 = z(g0).
Since dim kx00 = dim k
x
0 for x ∈ R(m0) and z(g0) ⊂ (g
x
0 ∩ k)
def
= kx0 , item (4) is
proved. To complete the proof of the proposition it is sufficient to remark that
x0 ∈ R(m) ∩R(m0),
r(m) = dim gx0 − dim kx0 = dim z(gx0)− dim z(kx0) = dim gx00 − dim k
x0
0 = r(m0)
and x0 is a regular element of g0, i.e. dim g
x0
0 = rank g0.
2.2 The bi-Poisson structure {ηt(g, a)}: exact formulas and
involutive sets of functions
Consider the adjoint action Ad of G on the Lie algebra g. Suppose now in addition
that the Lie subgroup K is an isotropy group of some element a ∈ g, i.e. K =
7
{g ∈ G : Ad g(a) = a} and k = ga. Moreover, by invariance of the form 〈·, ·〉,
k = z(k) ⊕ ks, a ∈ z(k), and ada(m) ⊂ m.
Using the invariant form 〈·, ·〉 on the Lie algebra g, we identify the dual space g∗
and g. So the orbit O = G/K is a symplectic manifold with the Kirillov-Kostant-
Souriau symplectic structure ωO. By the definition, the form ωO is G-invariant
and at the point a ∈ O we have
ωO(a)([a, ξ1], [a, ξ2]) = −〈a, [ξ1, ξ2]〉, ∀ξ1, ξ2 ∈ g,
where we consider the vectors [a, ξ1], [a, ξ2] ∈ Tag = g as tangent vectors to the
orbit O ⊂ g at the point a ∈ O. Let τ : TO → O be the natural projection. Using
the closed 2-form τ∗ωO on TO (the lift of ωO) we construct a bi-Poisson structure
on TO.
Consider on TO two symplectic forms: ω1 = Ω and ω2 = Ω + τ∗ωO. Write
η1 = ω
−1
1 , η2 = ω
−1
2 for the standard Poisson bi-vectors associated with these
forms, i.e. ηi(df1, df2) = −ωi(ξf1 , ξf2), where ξfj , are the Hamiltonian vector fields
of the functions fj (dfj = −ωi(ξfj , ·)), i, j = 1, 2. Then the family {η
t(g, a) =
ηt = t1η1 + t2η2}, t1, t2 ∈ R, is a bi-Poisson structure on TO [MP, Prop.1.6].
Putting t2 = λ, t1 = 1 − λ, λ ∈ R or t1 = −1, t2 = 1 we exclude considering of
proportional bi-vectors. The corresponding bi-vectors are denoted by ηλ, λ ∈ R,
and ηsi (the singular bi-vector). The Poisson bracket of two functions f1, f2 from
the set AKm = A
G ⊂ E(TO) with respect to the Poisson structure ηλ, λ ∈ R or ηsi
has the form [MP, Lemma 3.1]:
{f1, f2}
λ(x) = −〈x+ λa, [gradm f1(x), gradm f2(x)]〉,
{f1, f2}
si(x) = −〈a, [gradm f1(x), gradm f2(x)]〉.
Remark that the structure η0 (λ = 0) is the canonical Poisson structure (see (2.2)).
Since the bi-Poisson structure {ηt} is G-invariant it is sufficient to investigate
points in R(m) ⊂ m = To(G/K), where the pair (AKm , η
t) is Kronecker.
The bi-Poisson structure {ηt} determines at a point x ∈ m = To(G/K) the
bilinear forms Btx : (DA
G)x × (DA
G)x → R, where, recall, B
t
x is the restriction
ηt|(DAG)x . Let x be an element of R(m) ⊂ To(G/K). Since we identified the spaces
AG and AKm , B
t
x determines the following complex-valued bilinear forms (which
we denote also by Btx, B
λ
x and B
si
x for short) on m(x)×m(x) [MP, (3.11)]:
Btx : (y1, y2) 7→ −〈(t1 + t2)x+ t2a, [y1, y2]〉, t1, t2 ∈ C,
Bλx : (y1, y2) 7→ −〈x+ λa, [y1, y2]〉, λ ∈ C,
Bsix : (y1, y2) 7→ −〈a, [y1, y2]〉.
(2.10)
Let mC(x) be the complexification of the space m(x), x ∈ R(m). It is easy to see
that the kernel of the form Bλx in m
C(x) is the subspace of mC(x) given by
kerBλx = {y ∈ m
C(x) : [x+ λa, y] ∈ adx(kC)}
= {y ∈ mC(x) : [x+ λa, y] ∈ ad(x+ λa)(kC)}
because adx(kC) = (mC(x))⊥ in mC and [a, kC] = 0. Thus
kerBλx = ((g
C)x+λa)mC ∩m
C(x),
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where (·)mC denotes the projection onto m
C along kC. However, ((gC)x+λa)mC ⊂
mC(x) because [a,mC] ⊂ mC, [a, kC] = 0, adx(kC) ⊂ mC and by (2.3) y ∈ mC is an
element of mC(x) if and only if [x, y] ∈ mC. Thus,
kerBλx = ((g
C)x+λa)mC , λ ∈ C.
In particular, for λ = 0 (for the canonical Poisson structure on T (G/K)),
kerB0x = ((g
C)x)mC = ((g
x)m)
C.
Since x ∈ R(m), the (real) dimension of the space (gx)m is equal to the constant
r(m) = q(m) − p(m). Therefore a maximal isotropic subspace of the space m(x)
with respect to the form B0x is of dimension
1
2
(
r(m) + dimm(x)
)
. It is clear that
kerBsix = {y ∈ m
C(x) : [a, y] ∈ adx(kC)} = mC(x) ∩
(
ad−1a adx(k
C)
)
,
where ad−1a
def
= (ad a|m)−1. As an immediate consequence of Proposition 1.3 we
obtain
Proposition 2.2. The pair (AG, ηt(g, a)) is Kronecker at a point x ∈ R(m) if and
only if
(1) dimC((g
C)x+λa)mC = r(m) for each λ ∈ C;
(2) dimC kerB
si
x = r(m).
Let OKr(m) be a set of all points x ∈ R(m) for which conditions (1) and (2)
of Proposition 2.2 hold. By Proposition 1.3 this set is a Zariski open (possibly
empty) subset of m.
Denote by I(g) the space of all Ad(G)-invariant polynomials on g. If h ∈ I(g)
then it is clear that the function hλ : g→ R, hλ(y) = h(y+ λa), λ ∈ R, is Ad(K)-
invariant on g. Therefore the set F(g,m) = {hλ|m, h ∈ I(g), λ ∈ R} is a subset
of AKm = A
G (of G-invariant functions on T (G/K)). The following assertion was
proved in [MP] (see Proposition 3.6, Lemma 3.3 and Theorem 3.9).
Theorem 2.3. [MP] The Zariski open subset OKr(m) ⊂ R(m) of m is nonempty.
The set of functions F(g,m) is a complete involutive subset of the Poisson algebra
(AG, η0). Moreover, for each point x ∈ OKr(m) ⊂ R(m) the space {gradm f(x), f ∈
F(g,m)} ⊂ m(x) is a maximal isotropic subspace of m(x).
By Theorem 2.3 the set
Qa(m) = {x ∈ R(m) : dimC kerB
si
x = r(m)}
= {x ∈ R(m) : dim
(
m(x) ∩
(
ad−1a adx(k)
))
= r(m)}
(2.11)
contains the dense open subset OKr(m) ⊂ m, in particular,
r(m) = min
x∈R(m)
dim
(
m(x) ∩
(
ad−1a adx(k)
))
. (2.12)
Since m(x) = (adx(k))⊥ in m and dimm(x) is constant for x ∈ R(m), the set
Qa(m) ⊂ R(m) is a nonempty Zariski open subset of m. Put
Ma(m) = {x ∈ m : dimC(g
C)x+λa = q(m) for each λ ∈ C}. (2.13)
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Then
OKr(m) = Qa(m) ∩Ma(m) (2.14)
because Qa(m) ⊂ R(m) and (kC)x+λa = (kC)x for each λ ∈ C.
Lemma 2.4. The set Ma(m) is a Zariski open subset of m.
Proof. The assertion of the lemma in more general form was used in the paper [BJ3,
§3.4] (but without any proof). For completeness we will prove this lemma here.
Let V = mC⊕Ca ⊂ gC. Since by (2.9), min
x∈mC,λ∈C
dimC(g
C)x+λa = q(m), the set
S = {y ∈ V : dimC(g
C)y > q(m)}
is a Zariski closed subset of V . If y ∈ S, then any non-zero (complex) scalar
multiple of y is also an element of S. So that one can consider a closed subvariety
PS in the projectivization PV of V .
Suppose that Ma(m) is nonempty and x0 ∈ Ma(m). Then by definition (x0 +
Ca) ∩ S = ∅. In other words, the intersection of the projective line P〈x0, a〉 with
the set PS is empty. Clearly, any nearby line P〈x, a〉, x ∈ mC will also not intersect
PS. The setMa(m
C) of all such x ∈ mC is Zariski open in mC. Taking into account
that Ma(m) =Ma(m
C) ∩m we complete the proof.
2.3 Adjoint orbits and involutive automorphisms
Let σ be an involutive automorphism of g and let g = g˜⊕ g′ be the decomposition
of g into the eigenspaces of σ for the eigenvalues +1 and −1 respectively:
[g˜, g˜] ⊂ g˜, [g′, g′] ⊂ g˜, [g˜, g′] ⊂ g′.
Denote by G˜ the closed connected subgroup of G with the Lie algebra g˜. Fix some
element a ∈ g′ (σ(a) = −a) and consider the orbit O˜ = Ad(G˜)(a) = G˜/K˜ in g
through this element a. It is clear that O˜ is a submanifold (G˜-suborbit) of the
G-orbit O = G/K of a and K˜ = G˜ ∩K. The form 〈·, ·〉 determines a G˜-invariant
metric on O˜. This metric identifies the cotangent bundle T ∗O˜ and the tangent
bundle T O˜. Thus we can also talk on the canonical 2-form Ω˜ on the manifold T O˜.
Since σ(a) = −a, the algebra k = ga is σ-invariant. Suppose that the form
〈·, ·〉 = −Φχ is also σ-invariant (if g is semi-simple its Killing form is invariant
with respect to an arbitrary automorphism of g). Then σ(m) = m and we have in
addition to (2.1) the following orthogonal decompositions of algebras g, g˜, k with
respect to the form 〈·, ·〉:
g = k˜⊕ k′ ⊕ m˜⊕m′, g˜ = k˜⊕ m˜, [˜k, m˜] ⊂ m˜, [˜k,m′] ⊂ m′, k = k˜⊕ k′, (2.15)
where k˜, m˜ are subspaces of g˜, k′,m′ are subspaces of g′. In particular, (k, k˜) is a
symmetric pair of compact Lie algebras, i.e. k˜ is the fixed point set of the involutive
automorphism σ|k.
Since ker ada = k and m = k⊥ in g, then ada(m) = m and the operator
ada|m : m→ m is invertible. Moreover, for m
′ ⊂ m and m˜ ⊂ m we have
ada(m′) ⊂ [g′,m′] ∩m ⊂ g˜ ∩m ⊂ m˜, and ad a(m˜) ⊂ [g′, m˜] ∩m ⊂ g′ ∩m ⊂ m′,
10
and therefore dim m˜ = dimm′. Since ker(ad a|m) = 0, we have
ada(m′) = m˜, and ad a(m˜) = m′. (2.16)
Similarly as in the case of the pair (g, k) for any x ∈ m˜ define the subspace
m˜(x) ⊂ m putting
m˜(x)
def
= {y ∈ m˜ : [x, y] ∈ m˜} = {y ∈ m˜ : 〈y, adx(˜k)〉 = 0}.
Then, in particular, adx
(
m˜(x)
)
⊂ m˜ and m˜(x)⊕ adx(˜k) = m˜.
Let AG˜ (resp. AK˜m˜ ) be the set of all G˜-invariant (resp. Ad(K˜)-invariant) func-
tions on T (G˜/K˜) (resp. on m˜). The Poisson bracket of two functions f˜1, f˜2 ∈ A
K˜
m˜
with respect to the canonical Poisson structure η˜can (determined by the canonical
2-form Ω˜ on T O˜) has the form (see (2.2)) :
{f˜1, f˜2}
can(x) = −〈x, [gradm˜ f˜1(x), gradm˜ f˜2(x)]〉, x ∈ m˜. (2.17)
Note that by Ad(K˜)-invariance of the function f˜k the vector gradm˜ f˜k(x), k = 1, 2,
belongs to the subspace m˜(x) ⊂ m˜.
Since σ(a) = −a, the center z = z(k) of the reductive Lie algebra k = ga is
σ-invariant, i.e. z = z˜ ⊕ z′, where z˜ = z ∩ g˜, z′ = z ∩ g′. It is clear that a ∈ z′.
Then for each element b ∈ z′ we can consider the endomorphism ϕa,b : g→ g on g
putting ϕa,b(x) = ad
−1
a ([b, x]) for x ∈ m and ϕa,b(z) = z for z ∈ k, where, recall,
ad−1a
def
= (ada|m)−1. Remark that ϕa,b(m) ⊂ m because [k,m] ⊂ m. Moreover,
ϕa,b(m˜) ⊂ m˜ and ϕa,b(m′) ⊂ m′ because a, b ∈ g′ (see also (2.16)).
It is clear that the endomorphism ϕa,b is symmetric and the group Ad(K)
commutes elementwise with ϕa,b on m. Therefore, the operator ϕa,b|m˜ is also
symmetric and the group Ad(K˜) commutes elementwise with ϕa,b on m˜ (K is
connected). Therefore the function H˜a,b(x) =
1
2 〈x, ϕa,b(x)〉, x ∈ m˜, is Ad(K˜)-
invariant. Then H˜a,b (as a function on T (G˜/K˜) from the set A
G˜ = AK˜m˜ ) is a
Hamiltonian function of the geodesic flow of some pseudo-Riemannian metric on
G˜/K˜ if ϕa,b|m˜ is non-degenerate.
Consider the space I(g) of all Ad(G)-invariant polynomials on g. As we re-
marked in the previous subsection, for each h ∈ I(g) the function hλ : g → R,
hλ(y) = h(y + λa), λ ∈ R, is an Ad(K)-invariant function on g. Therefore the
set F(g,m) = {hλ|m, h ∈ I(g), λ ∈ R} is a subset of AKm = A
G (of G-invariant
function on T (G/K)) and the set F(g, m˜) = {hλ|m˜, h ∈ I(g), λ ∈ R} is a sub-
set of AK˜m˜ = A
G˜ (of G˜-invariant function on T (G˜/K˜)). Put Hλ = hλ|m and
H˜λ = hλ|m˜. The following lemma follows easily from the results of [MF1] (see
also [TF, Ch.6,16.Lemma] or [DGJ1, sec.3]).
Lemma 2.5. [DGJ1] For any functions h1, h2, h ∈ I(g) and arbitrary parameters
λ1, λ2, λ ∈ R we have {H˜
λ1
1 , H˜
λ2
2 }
can = 0 and {H˜λ, H˜a,b}can = 0.
Proof. Mainly to fix notations we will prove this lemma here. Since σ is an auto-
morphism of g and Ad(G) is a normal subgroup of Aut(g), we have f = h◦σ ∈ I(g)
if h ∈ I(g). However
2 gradg˜ h(x+ λa) = gradg h(x+λa) + gradg f(x−λa) for any x ∈ g˜, (2.18)
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because σ(a) = −a, and σ(x) = x. The five functions hλ11 , h
λ2
2 , f
−λ1
1 , f
−λ2
2 and
ha,b commute pairwise on g ≃ g∗ with respect to the standard (linear) Lie-Poisson
bracket on g [MF1]. This means that for any pair of functions F1, F2 from this set
we have
〈x, [gradg F1(x), gradg F2(x)]〉 = 0 for all x ∈ g.
Then by (2.18)
〈x, [gradg˜ h
λ1
1 (x), gradg˜ h
λ2
2 (x)]〉 = 0 for all x ∈ m˜ ⊂ g.
Now taking into account that (gradg˜ h
λj
j (x))m˜ = gradm˜ H˜
λj
j (x) ∈ m˜(x), [x, m˜(x)] ⊂
m˜ for x ∈ m˜ and m˜⊥k˜, we obtain that
〈x, [(gradg˜ h
λ1
1 (x))m˜, (gradg˜ h
λ2
2 (x))m˜]〉 = 0,
i.e. {H˜λ11 , H˜
λ2
2 }
can(x) = 0. Similarly we can show that {H˜λ, H˜a,b}can = 0.
As follows from the lemma above the set F(g, m˜) is an involutive subset of
(AK˜m˜ , η˜
can). Let us define the numbers q(m˜), p(m˜), r(m˜) and the subset R(m˜) ⊂ m˜
similarly to the numbers q(m), p(m), r(m) and the subset R(m) ⊂ m but for the
pair of algebras (g˜, k˜) (see (2.4)).
Let µ˜can : T (G˜/K˜) → g˜∗ be the standard moment map associated with the
natural action of G˜ on (T (G˜/K˜), Ω˜)). The subset {h˜ ◦ µ˜can, h˜ ∈ E(g˜∗)} ⊂
E(T (G˜/K˜)) is a Poisson subalgebra of (E(T (G˜/K˜)), η˜can). Since the Lie group
G˜ is compact, this subalgebra contains some complete involutive subset of func-
tions H(g˜∗) [Br, My1]. By definition of the moment map µ˜can, the union of the
sets H(g˜∗) and F(g, m˜) ⊂ AK˜m˜ = A
G˜ is an involutive subset of the Poisson algebra
(E(T (G˜/K˜)), η˜can).
Theorem 2.6. Suppose that the Zariski open subset OKr(m)∩m˜ of m˜ is nonempty.
Then the set F(g, m˜) is a complete involutive subset of the algebra (AK˜m˜ , η˜
can).
Moreover, the set H(g˜∗) ∪ F(g, m˜) is a complete involutive subset of the algebra
(E(T (G˜/K˜)), η˜can) and the functions from this set are integrals for the Hamiltonian
flow with the Hamiltonian function H˜a,b on T (G˜/K˜).
Proof. Fix some point x ∈ OKr(m) ∩R(m˜) ⊂ m˜. Put
Lx = {gradm f(x), f ∈ F(g,m)} ⊂ m(x) ⊂ m,
L˜x = {gradm˜ f˜(x), f˜ ∈ F(g, m˜)} ⊂ m˜(x) ⊂ m˜.
It is evident that L˜x = (Lx)m˜, where (·)m˜ denotes the projection onto m˜ along
m′ in m = m˜ ⊕ m′. Moreover, since x ∈ m˜ and k = k˜ ⊕ k′, we have adx(k) =
adx(˜k)⊕ adx(k′), where adx(˜k) ⊂ m˜ and adx(k′) ⊂ m′, and therefore
m(x) = m˜(x)⊕ (m(x) ∩m′). (2.19)
By Lemma 2.5 the space L˜x is an isotropic subspace of m˜(x) with respect to the
form B˜x : (y1, y2) 7→ −〈x, [y1, y2]〉 on m˜(x) associated with Poisson bracket (2.17).
Therefore, in order to prove the theorem it is sufficient to show that this subspace
is maximal isotropic.
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To this end suppose that 〈x, [y, L˜x]〉 = 0 for some y ∈ m˜(x). Then 〈[x, y], L˜x〉 =
0 by invariance of the form 〈·, ·〉. Taking into account that [x, m˜(x)] ⊂ m˜ by
definition and m˜⊥m′, we obtain that
0 = 〈[x, y], L˜x〉 = 〈[x, y], Lx〉 = 〈x, [y, Lx]〉.
But y ∈ m(x) by (2.19). Also by Theorem 2.3 the space Lx is a maximal isotropic
in m(x) and, consequently, y ∈ Lx. Then y ∈ L˜x, because y ∈ m˜ and Lx ∩ m˜ ⊂
(Lx)m˜ = L˜x. In other words, L˜x is a maximal isotropic subspace in m˜(x) with
respect to the form B˜x defined by (2.17) on m˜(x).
Therefore the set F(g, m˜) is a complete involutive subset of the algebra AK˜m˜ =
AG˜ with respect to the canonical Poisson structure on (T (G˜/K˜), Ω˜). Then by [BJ1,
Lemma 3] (see also [My3, §2], [Pa]) the set H(g˜∗)∪F(g, m˜) is a complete involutive
subset of the Poisson algebra (E(T (G˜/K˜)), η˜can) on the manifold (T (G˜/K˜), Ω˜). By
Lemma 2.5 the functions from the set F(g, m˜) are integrals of the Hamiltonian flow
with the Hamiltonian function H˜a,b on T (G˜/K˜). The functions from the set H(g˜∗)
are also integrals for this flow because H˜a,b ⊂ AG˜.
Remark 2.7. First of all note that the Hamiltonian flow of the function H˜a,a (with
b = a) coincides with the geodesic flow determined by the Riemannian metric
〈·, ·〉 on G˜/K˜. The Hamiltonian function H˜a,b on T O˜ is the restriction of the
Hamiltonian function Ha,b(x) =
1
2 〈x, ϕa,b(x)〉, x ∈ m (considered as a G-invariant
function on TO from the set AG = AKm ). Moreover, the function Ha,b is associated
with the (pseudo)-Riemannian metric ga,b on O (defined by the symmetric bilinear
form (x, y) 7→ 〈x, ϕ−1a,b(y)〉, x, y ∈ m) and H˜a,b with its restriction g˜a,b = ga,b|O˜.
Since gradmHa,b(x) = gradm˜ H˜a,b(x) = ϕa,b(x) ∈ m˜ for each x ∈ m˜, it is easy
to verify that the Hamiltonian vector field XHa,b of Ha,b on TO is tangent to
the submanifold T O˜ ⊂ TO (using, for instance, the exact expression for XHa,b
on TO [MP, (3.6)]). As follows from Proposition 1.4, (T O˜, Ω˜) is a symplectic
submanifold of (TO,Ω). Therefore the Hamiltonian vector field XH˜a,b of H˜a,b
on T O˜ coincides with the restriction XHa,b |T O˜ and, consequently, the suborbit
(O˜, g˜a,b) is a totally geodesic submanifold of the orbit (O, ga,b). Taking into account
that the geodesic flow of the metric ga,b on TO is integrable (see [MP, Theorem
3.10] or [BJ3]), Theorem 2.6 above is an illustration to the phenomenon of a
complete integrability of the geodesic flow on a totally geodesic submanifold of a
manifold with the integrable geodesic flow.
Remark 2.8. Let g1 be some σ-invariant subalgebra of g containing its maximal
semisimple ideal gs. Assume that the connected subgroup G1 ⊂ G with the Lie
algebra g1 is closed. Denote by a1 ∈ g1 the orthogonal projection of the element
a ∈ g. Put k1 = g
a1
1 (k = g
a). Since the algebra k = ga contains the center z(g)
of g, the space m = k⊥ is a subspace of the ideal gs and the space m1 = k
⊥
1 ⊂ g1
coincide with m. Consequently, the bi-Poisson structures ηt(g, a) and ηt(g1, a1)
are either Kronecker or non-Kronecker simultaneously at a point x ∈ R(m) ∩ m˜ if
R(m) ∩ m˜ 6= ∅.
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2.4 Conditional reduction theorem
We will use the notation introduced in the previous subsection. Suppose that the
set R(m) ∩ m˜ is nonempty and that x0 is a common element of this set and the
set R(m˜). Let g0 be the centralizer of k
x0 in g. Put k0 = k ∩ g0 and m0 = m ∩ g0.
Since σ(x0) = x0 and σ(k) = k, we have σ(k
x0) = kx0 . Therefore the spaces g0, k0
and m0 are σ-invariant, i.e.
g0 = k0 ⊕m0, g˜0 = k˜0 ⊕ m˜0, where g˜0 = g0 ∩ g˜, k˜0 = k0 ∩ k˜, m˜0 = m0 ∩ m˜.
By Proposition 2.1 x0 ∈ R(m0), a ∈ g0 and k0 = ga0 (k = g
a). Now we will prove
the following conditional reduction theorem which reduces the pair (g, k = ga) to
the pair (g0, k0 = g
a
0) if the condition R(m) ∩ m˜ 6= ∅ holds. To this end, define
the sets OKr(m0), Qa(m0) and Ma(m0) similarly to the sets O
Kr(m), Qa(m) and
Ma(m) but for the pair of algebras (g0, k0) (see (2.14), (2.11) and (2.13)).
Theorem 2.9. Suppose that R(m)∩m˜ 6= ∅ and choose any point x0 ∈ R(m)∩R(m˜).
The set OKr(m) ∩ m˜ is nonempty if so is the set OKr(m0) ∩ m˜0. In particular, if
OKr(m0)∩m˜0 6= ∅ then the set F(g, m˜) is a complete involutive subset of the algebra
(AK˜m˜ , η˜
can).
Proof. Assume that OKr(m0) ∩ m˜0 6= ∅. By definition, x0 ∈ R(m) ∩ R(m˜) and
x0 ∈ m˜0 by the construction above. Therefore the set R(m)∩R(m˜)∩O
Kr(m0)∩m˜0 is
a nonempty Zariski open subset of m˜0. Thus the set R(m)∩R(m˜)∩OKr(m0)∩R(m˜0)
is also nonempty. Fix some element x belonging to this set. To prove the theorem
it is sufficient to show that x ∈ OKr(m).
Since x ∈ R(m)∩m0, by Proposition 2.1 (1) we have that m(x) = m0(x). Then
by relations (2.10) the two bi-Poisson structures η(g, a) and η(g0, a) determine on
the space m(x) = m0(x) the same families of skew-symmetric operators. In other
words, at the point x ∈ R(m) ∩ R(m0) these bi-Poisson structures are Kronecker
simultaneously. Thus x ∈ OKr(m) ∩ m˜.
As follows from Theorem 2.6 we have to establish when the set OKr(m) ∩ m˜
is nonempty. Since the subsets Qa(m) ⊂ m and Ma(m) ⊂ m are Zariski open
(see (2.12) and Lemma 2.4), we obtain by (2.14) that
OKr(m) ∩ m˜ 6= ∅ ⇐⇒ Qa(m) ∩ m˜ 6= ∅ and Ma(m) ∩ m˜ 6= ∅. (2.20)
By Proposition 2.1 (4) for any element x ∈ R(m) ∩ m0 its centralizer k
x0
0 in
k0 is the center z(g0) of the Lie algebra g0. As follows from Theorem 2.9 and
relations (2.20) to prove a completeness of the set F(g, m˜) it is sufficient to show
that Qa(m0) ∩ m˜0 6= ∅ and Ma(m0) ∩ m˜0 6= ∅. Therefore we will investigate
the two open subsets Qa(m) ∩ m˜ and Ma(m) ∩ m˜ in more detail in the following
two subsections only in the case when for each element x ∈ R(m) its centralizer
kx = ga ∩ gx is the center z(g) of g.
2.5 Necessary and sufficient conditions for the set Qa(m)∩ m˜
to be nonempty
We will use the notation introduced in subsection 2.3.
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Proposition 2.10. Suppose that R(m) ∩ m˜ 6= ∅ and choose an arbitrary point
x0 ∈ R(m) ∩R(m˜). Let kx0 = z(g). The set Qa(m) ∩ m˜ is nonempty if and only if
the subspace k′ = (1 − σ)k contains regular elements of the Lie algebra k. (2.21)
Proof. Let V be some vector subspace of the space m for which V ∩ R(m) 6= ∅.
Put
ma(V ) = min
x∈V ∩R(m)
dim
(
m(x) ∩
(
ad−1a adx(k)
))
,
where, recall, ad−1a
def
= (ad a|m)−1. By (2.12), ma(m) = r(m) and clearly ma(V ) >
r(m). We have to show that ma(m˜) = r(m) if and only if condition (2.21) holds.
We will prove this proposition using the moment map theory and the method
proposed in [Pa]. Since kx0 = z(g), then by the dimension arguments kx = z(g) for
all x ∈ R(m). For our aim it is convenient to use the moment map constructed in
our previous paper [MP]. To this end, here we briefly describe main properties of
this moment map [MP, Remark 3.2].
Consider on the vector space m the non-degenerate bilinear form
β(y1, y2) = 〈y1, ad
−1
a (y2)〉, y1, y2 ∈ m.
Since the endomorphism ad a|m : m → m is skew-symmetric (with respect to the
form 〈·, ·〉), the form β is also skew-symmetric. Identifying the tangent space Txm
with m for each x ∈ m, we can consider β as a symplectic form on m. Since the
Ad-action of K on m preserves the form β, this action of K is Hamiltonian with
the K-equivariant moment map
µβ : m→ k∗, µβ(x)(ζ) = −
1
2
〈ad−1a (x), [ζ, x]〉, ∀ζ ∈ k
(see [MP, Remark 3.2]). In particular, for each ζ ∈ k the vector field ζX(x) =
[ζ, x] ∈ Txm is the Hamiltonian vector field of the function fζ(x) = µβ(x)(ζ) on
the manifold X = m.
Let x ∈ m, Wx ⊂ Txm be the tangent space to the K-orbit in m and let W β⊥x
be the (skew)orthogonal complement to Wx in Txm with respect to the form β. It
is easy to see that Wx = adx(k) and W
β⊥
x = ada(m(x)), i.e.
dim
(
Wx ∩W
β⊥
x
)
= dim
(
ada
(
m(x)
)
∩ adx(k)
)
= dim
(
m(x) ∩
(
ad−1a adx(k)
))
.
However, by the K-equivariance of the moment map µβ , ζX(x) ∈ Wx ∩W β⊥x if
and only if ad∗ ζ(α) = 0, where α = µβ(x) [GS]. In other words, the dimension
dim
(
Wx ∩W β⊥x
)
+dim z(g) equals the codimension of the orbit Ad∗(K) · α in k∗
for each x ∈ R(m) (ζX(x) = 0 if and only if ζ ∈ kx = z(g)).
Identifying the space k with its dual k∗ by means the form 〈·, ·〉, we obtain that
µβ : m→ k, µβ(x) =
1
2
[ad−1a (x), x]k
and dim
(
Wx ∩W β⊥x
)
= dim kα − dim z(g) if x ∈ R(m). Thus
ma(V ) = min
x∈V ∩R(m)
dim kα(x) − dim z(g) = min
x∈V
dim kα(x) − dim z(g),
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where α(x) = µβ(x) ∈ k and V ∩R(m) 6= ∅.
Since z(g) ⊂ k, the spacem is contained in the maximal semi-simple ideal gs of g.
Remark also that µβ(m˜) ⊂ [g, g]k ⊂ gs and by (2.16) µβ(m˜) ⊂ [m′, m˜]k ⊂ (g′)k = k′.
To determine the number minx∈m˜ dim k
α(x) we will show that the image µβ(m˜)
contains an open subset in the space k′ ∩ gs. It is easy to calculate that, for any
tangent vector y ∈ m = Tx0m,
Dx0(y)
def
= µβ∗ (x0)(y) =
1
2
[ad−1a (x0), y]k +
1
2
[ad−1a (y), x0]k.
Taking into account relations (2.15) and (2.16) and the inclusion x0 ∈ m˜ ⊂ g˜, we
obtain that
Dx0(m
′) ⊂
(
[ad−1a (m˜),m
′] + [ad−1a (m
′), m˜]
)
k
⊂ (g˜)k ⊂ k˜.
and, similarly, Dx0(m˜) ⊂ (g
′)k ⊂ k′. In other words, Dx0(m) = Dx0(m
′)⊕Dx0(m˜).
The image µβ∗ (Tx0m) ⊂ k of the tangent map of the moment map µ
β at x0
coincides with the annihilator in k∗ ≃ k of the Lie algebra kx0 of the isotropy group
{k ∈ K0 : Ad k(x0) = x0} of x0 ∈ m [GS]. Since this annihilator coincides with the
orthogonal complement of the center z(g) in k, we obtain that Dx0(m) = k∩gs. But
k∩ gs = (k′ ∩ gs)⊕ (˜k∩ gs) because σ(gs) = gs. Therefore µ
β
∗ (x0)(m˜) = k
′ ∩ gs and,
consequently, the set µβ(m˜) contains some open subset in k′ ∩ gs. Also kα = kα+z
for any α ∈ k′, z ∈ z(g). Therefore
ma(m˜) = min
α∈k′∩gs
dim kα − dim z(g) = min
α∈k′
dim kα − dim z(g). (2.22)
Since kx0 = z(g) is a commutative algebra, each element of the set R(m) is a regular
element of g, i.e. q(m) = rank g and r(m) = rank g − dim z(g) (see (2.7)). Also
rank k = rank g because k = ga. Hence by (2.22) ma(m˜) = r(m) if and only if the
algebra k′ contains regular elements of the Lie algebra k.
2.6 Sufficient conditions for the setMa(m)∩m˜ to be nonempty
In this subsection we will give a sufficient condition for an open subset Ma(m)∩ m˜
of m˜ to be nonempty. This condition is motivated by some trick used in the proof of
Theorem 3.4 in [BJ3]. Here we will use the notation introduced in subsection 2.3.
Let t be a Cartan subalgebra of g containing the element a. The complex space
tC is a Cartan subalgebra of the reductive complex Lie algebra gC. Since k = ga
and the commutative Lie algebra t contains a, tC is also a Cartan subalgebra of
kC. Let ∆ be the root system of gC with respect to tC. Denote by ∆k the set of
roots in ∆ which vanish identically on a. This is the root system of (kC, tC). Put
∆m = ∆ \∆k. Then we have the direct decompositions
gC = tC ⊕
∑
α∈∆
gα, kC = tC ⊕
∑
α∈∆k
gα, mC =
∑
α∈∆m
gα,
where gα is the root space corresponding to the root α. We can choose a Weyl
basis {Eα, α ∈ ∆} of gC mod tC such that Eα ∈ gα for each α ∈ ∆ and the compact
form g of gC is spanned by t and the vectors Xα = (Eα−E−α), Yα = i(Eα+E−α),
α ∈ ∆.
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Proposition 2.11. Suppose that R(m) ∩ m˜ 6= ∅ and kx = z(g) for all x ∈ R(m).
Assume that there exists a system of simple roots pi of ∆ such that pi ⊂ ∆m and
some vector
xpi =
∑
α∈pi
cαE−α +
∑
β∈∆+m
dβEβ , cα ∈ C \ {0}, α ∈ pi, dβ ∈ C, β ∈ ∆
+
m,
where ∆+ is the system of positive roots of ∆ determined by pi and ∆+m = ∆m∩∆
+,
belongs to the space m˜C ⊂ mC. Then the set Ma(m) ∩ m˜ is nonempty.
Proof. Since for x ∈ R(m) the algebra kx = z(g) is commutative, the centralizer gx
is a Cartan subalgebra of g (see (2.5)), i.e. q(m) = rank g.
The element e− =
∑
α∈pi cαE−α is a principal nilpotent element of the reductive
complex Lie algebra gC [Ko]. Since a ∈ tC, for each λ ∈ C the vector xpi + λa
is an element of the affine subspace e− + b, where b = t
C ⊕
∑
β∈∆+ g
β is a Borel
subalgebra of gC. Then by [Ko, Lemma 10] dimC(g
C)xpi+λa = rank gC. But q(m) =
rank gC. Thus xpi ∈Ma(mC)∩m˜C (see the proof of Lemma 2.4). SinceMa(mC)∩m˜C
is a nonempty Zariski open subset of m˜C, its intersection with the real form m˜ ⊂ m˜C
is nonempty. Taking into account that Ma(m
C)∩ m˜ =Ma(m)∩ m˜ we complete the
proof.
2.7 Integrable geodesic flows on SO(n)/
(
SO(n1)×· · ·×SO(np)
)
In this subsection we show that the conditions of Theorem 2.6 hold for the homo-
geneous space SO(n)/
(
SO(n1)× · · ·×SO(np)
)
, n1+ · · ·+np = n. The case p = 2
is not interesting for us from the point of view of integrability because in this case
the considered homogeneous space G˜/K˜ is a symmetric space and, consequently,
all G˜-invariant Hamiltonian flows on T (G˜/K˜) are integrable [Mi, My2].
Consider the symmetric space G/G˜ = U(n)/SO(n), where n > 4, with the
involution σ on the Lie algebra of skew-hermitian matrices g = u(n) determined
by the complex conjugation. Then the Lie algebra g˜ = (1 + σ)g is the Lie algebra
so(n) of all real skew-symmetric n×n matrices. The space g′ = (1−σ)g coincides
with the set i sym(n), where sym(n) is the space of all real symmetric n × n
matrices.
Fix some element a ∈ g′, a = diag(iλ1, ..., iλ1, iλ2, ..., iλ2, . . . , iλp, ..., iλp),
where all real numbers λ1, ..., λp are pairwise different and the multiplicity of each
iλj is equal to nj > 1, n1 + · · ·+ np = n. Without loss of generality (to simplify
calculations) we may assume that 1 6 n1 6 n2 6 · · · 6 np < n.
It is clear that the Lie algebra k = ga is the Lie algebra u(n1) ⊕ · · · ⊕ u(np)
(with the standard block-diagonal embedding) and k˜ is the real part of this Lie
algebra, i.e. k˜ coincides with so(n1) ⊕ · · · ⊕ so(np) (so(1) = 0). In this case,
G˜/K˜ = SO(n)/
(
SO(n1)× · · · × SO(np)
)
.
Putting 〈X,Y 〉 = −TrXY (using the trace-form) we define an invariant scalar
product on g. To describe the space m = k⊥ consider any matrix X ∈ g as a
block-matrix consisting of rectangle elements Xk,l, which are rectangle complex
nk × nl matrices, 1 6 k, l 6 p. It is clear that (Xk,l)
t = −X l,k and therefore any
element of u(n) is defined by its blocks Xk,l with k 6 l. As a space, the Lie algebra
g = u(n) is a direct sum of its block-type subspaces V k,l, 1 6 k 6 l 6 p. In this
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notation the Lie subalgebra k is the direct sum
∑p
j=1 V
j,j and m =
∑
16k<l6p V
k,l.
We will denote the corresponding to Xk,l element of the space V k,l by ϕ(Xk,l).
Each subspace V k,l is an k-module, i.e. [V k,l, k] ⊂ V k,l.
First of all consider the simplest case when p = 2. In this case G/K =
U(n1 + n2)/
(
U(n1) × U(n2)
)
is a Hermitian symmetric space. Therefore there
exists a Cartan subspace a in V 1,2 = m (a maximal commutative subspace in
V 1,2) consisting of real matrices (belonging to so(n)) [He, Ch.X, sec.2.1]. This n1-
dimensional Cartan subspace a can be described by the “diagonal” matrices X1,2
in which all entries vanish with the exception of n1 entries X
1,2
j,j , j = 1, .., n1 6 n2,
which are arbitrary real numbers. Then the centralizer kx0 of a regular element
(of the Cartan subspace) x0 = ϕ(X
1,2
∗ ) ∈ m˜ ⊂ V 1,2 in u(n1)⊕ u(n2) = V 1,1⊕V 2,2
is a direct sum t∗ ⊕ c∗, where c∗ ≃ u(n2 − n1) and t∗ is a commutative algebra of
dimension n1 consisting of diagonal matrices diag(ix1, .., ixn1 , ix1, .., ixn1 , 0, .., 0),
xj ∈ R. Remark that the maximal semisimple ideal of c∗ coincides with the max-
imal semisimple ideal of the centralizer of t∗ in u(n1)⊕ u(n2).
Suppose now that p > 3. We will attempt to describe the centralizer kx0 of some
generic element x0 ∈ m˜ constructing this element. To simplify our calculations
remark that each space V k,k⊕V l,l⊕V k,l, k < l is a Lie subalgebra of u(n) isomor-
phic to u(nk + nl), V
k,k ⊕ V l,l ≃ u(nk)⊕ u(nl) and [V k,l, V k,l] ⊂ V k,k ⊕ V l,l. But
U(nk+nl)/
(
U(nk)×U(nl)
)
is a Hermitian symmetric space and therefore we can
use our calculations for the case p = 2. Since each subspace V k,l is a k-module, we
will construct the element x0 selecting step by step its V
k,l-entries. For our aim it is
enough to consider the submodule
∑p−1
j=1 V
j,j+1⊕
∑p−2
j=1 V
j,p ofm. Choosing in each
k-module V j,j+1 of the first component the “diagonal” element ϕ(Xj,j+1∗ ) as above,
we obtain that their common isotropy algebra is the direct sum t∗⊕ c∗, where c∗ ≃
u(np−np−1) and t∗ is of commutative algebra of dimension np−1, consisting of the
diagonal matrices diag(ix1, .., ixn1 , ix1, .., ixn2 , .., ix1, .., ixnp−1 , ix1, .., ixnp−1 , 0, .., 0),
xj ∈ R, 1 6 j 6 np−1. Remark that the maximal semisimple ideal of c∗ coincides
with the maximal semisimple ideal of the centralizer of t∗ in k. Now we consider
V =
∑p−2
j=1 V
j,p as a t∗ ⊕ c∗-module (not as a k-module) of complex dimension
N2 × np, N2 = n1 + .. + np−2. Then V is the direct sum of t∗ ⊕ c∗-modules
V (1) ⊕ V (2), V (1)⊥V (2), where V (1) (of complex dimension N2 × np−1) is a trivial
c∗-module. Therefore the isotropy subalgebra of a real generic point from V
(1) is
the algebra t∗∗ ⊕ c∗, where t∗∗ ⊂ t∗ is the one-dimensional subalgebra consisting
of the elements of t∗ such that x1 = x2 = .. = xnp−1 = λ. Considering the module
V (2) as the space MN2,np−np−1 of complex N2 × (np − np−1) matrices, the ad-
representation of t∗∗⊕ c∗ in V
(2) is described as follows: ad(λ,A)(B) = iλB−BA,
where (λ,A) ∈ R⊕ u(np − np−1) ≃ t∗∗ ⊕ c∗ and B ∈MN2,np−np−1 ≃ V
(2).
If the number of rows N2 = n1 + ..+ np−2 in B is not less than the number of
columns (np − np−1), then for any real matrix B ∈ MN2,np−np−1 of the maximal
rank we have iλB −BA = 0 if and only if A = iλ (is a scalar matrix). Therefore
in this case kx0 = z(g) for some (real) matrix x0 ∈ m˜.
If N2 < np − np−1, then for the real matrix B in which all entries vanish with
the exception of N2 entries Bj,j = 1, j = 1, .., N2, we obtain that iλB−BA = 0 if
and only if A is an element of a Lie algebra isomorphic to u(1)⊕u(np−np−1−N2),
i.e. for some (real) matrix x0 ∈ m˜ we have dim kx0 = 1 + dim u(np − np−1 −N2).
Suppose now that p > 3 and n1 + .. + np−2 > np − np−1. We showed above
18
that for some element x0 ∈ m˜ its centralizer kx0 is the one-dimensional center z(g)
of g = u(n). Since z(g) ⊂ kx for each x ∈ m, we have that dim kx0 = p(m) and
dim k˜x0 = p(m˜). Clearly these two properties hold for any points x ∈ m˜ which
are sufficiently closed to x0. Therefore we can suppose without losing generality
that x0 ∈ R(m˜), i.e. dim g˜
x0 = q(m˜). But q(m˜) = rank(g˜) because the algebra
k˜x0 ⊂ z(g) is commutative (see (2.5)). Taking into account that any regular element
of the Lie algebra g˜ = so(n) is regular in g = u(n) we obtain that x0 ∈ R(m). Thus
x0 ∈ R(m) ∩R(m˜) and kx0 = z(g).
Now we can use Proposition 2.10 to prove that Qa(m) ∩ m˜ 6= ∅. Indeed, since
the space k′ = (1 − σ)k = isym(n1) ⊕ · · · ⊕ isym(np) contains regular elements of
the Lie algebra k = u(n1)⊕ ..⊕ u(np), by this proposition Qa(m) ∩ m˜ 6= ∅.
Our element a ∈ u(n) is a diagonal matrix diag(a1, .., an), aj ∈ iR and is con-
tained in the Cartan subalgebra t of u(n) consisting of matrices h = diag(h1, .., hn),
hj ∈ iR. The set ∆ = {εjk = εj − εk, j 6= k; j, k = 1, .., n}, εj(h) = hj ,
is the standard system of roots of gC with respect to tC. The algebra t and
vectors Xjk = Eεjk − Eεkj , Yjk = iEεjk + iEεkj span g (by Eεjk we denote
the matrix with only nonzero element 1 occupies the position jk). To prove
that Ma(m) ∩ m˜ 6= ∅ we will use the following observation (see [BJ2]): since
np 6 n1 + · · · + np−1, there exists a permutation p of {1, 2, .., n} such that
ap(j) 6= ap(j+1), j = 1, .., n − 1. In other words, (εj − εj+1)(aˆ) 6= 0 for each
j = 1, .., n − 1, where aˆ = diag(ap(1), ap(2), .., ap(n)). As the Weyl group of (g, t)
is the permutation group of n elements, there exists the system of simple roots
pi of ∆ such that α(a) 6= 0 for each α ∈ pi. Since the element
∑
α∈pi(Eα − E−α)
(real skew-symmetric matrix) belongs to the space m˜, then by Proposition 2.11,
Ma(m) ∩ m˜ 6= ∅ and by (2.20) OKr(m) ∩ m˜ 6= ∅.
Suppose now that p > 3 and n1+ ..+np−1 < np. Put N1 = n1+ · · ·+np−1. In
this case, since the last component kp ≃ u(np) of k is dominant in k, the calculation
problem can be reduced to the previous case with np = n1 + · · · + np−1. To this
end we consider the representation of the Lie group Kp ⊂ K with the Lie algebra
kp ≃ u(np) in the k-submodule V =
∑p−1
j=1 V
j,p of m. Identifying V with the
space MN1,np of complex N1× np matrices, the Ad-action of Kp in V is described
as follows: k · B = Bk−1, where k ∈ Kp = U(np), B ∈ MN1,np . Since the
number of rows N1 in B is less then its number of columns np, then the Ad(Kp)-
orbit of B in V contains a matrix in which the last np − N1 columns vanish. In
other words, each element of m is Ad(K)-conjugated to some element of the first
component u(2N1) of the Lie algebra u(2N1)⊕u(np−N1) ⊂ u(n) and, consequently,
dim kx > 1 + dim u(np − N1) (dim z(g) = 1) for any x ∈ R(m). But we showed
above that for some element x0 ∈ m˜ we have an equality, i.e. this element belongs
to the set R(m) ∩ m˜. Since the set R(m˜) is Zariski open in m˜, we can suppose
without losing generality that x0 ∈ R(m) ∩ R(m˜) and kx0 = z(g) ⊕ u(np − N1).
Taking into account that u(2N1) ⊕ u(np − N1) is a maximal subalgebra of u(n)
(the pair
(
u(n), u(2N1) ⊕ u(np − N1)
)
is a symmetric pair), we obtain that the
centralizer g0 of k
x0 in g is the algebra u(2N1) ⊕ z(g) containing the element a.
Now applying Theorem 2.9 and Remark 2.8 we reduce our problem to the case
when np = n1 + · · ·+ np−1. In other words, OKr(m) ∩ m˜ 6= ∅, i.e. the condition of
Theorem 2.6 holds.
Thus the new proof of Theorem 4 in [DGJ1] is obtained, i.e. the following
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theorem is proved.
Theorem 2.12. [DGJ1] We retain the notation of Theorem 2.6. Let G = U(n),
G˜ = SO(n) and K˜ = SO(n1) × .. × SO(np), n = n1 + .. + np, with the standard
embedding of K˜ ⊂ G˜ ⊂ G. The set of functions F(g, m˜) is a complete involutive
subset of the Poisson algebra (AG˜, η˜can). The set of functions H(g˜∗) ∪ F(g, m˜) is
a complete involutive subset of the algebra (E(T (G˜/K˜)), η˜can). The Hamiltonian
flow with the Hamiltonian function H˜a,b on T (G˜/K˜) is completely integrable by
means of real-analytic integrals H(g˜∗) ∪ F(g, m˜).
Remark 2.13. Let g˜ = so(n) and let k˜ = so(n1) ⊕ · · · ⊕ so(np). Suppose that
np 6 n1+ ..+np−1. Then the set m˜ = k˜
⊥ (g˜ = m˜⊕ k˜) contains regular elements of
the Lie algebra so(n) (see for example the proof of Theorem 2.12 above). In [DGJ2]
Dragovic´, Gajic´ and Jovanovic´ remarked that the first part of the proof of their
Theorem 4 published in [DGJ1] is not complete. Namely, relation (29) of [DGJ1,
Remark 1], i.e., the completeness of some family of integrals, holds for all elements
from some open dense subset O of so(n) (for the so-called generic elements). How-
ever, although m˜ contains regular elements of so(n), relation (29) holds on m˜, i.e.
O ∩ m˜ 6= ∅, if and only if all n1, . . . , np are 6 2 (see [DGJ2, p. 1287]). Therefore,
relation (36) of [DGJ1], and, consequently, the first part of the proof of Theorem
4 [DGJ1] needs an additional argumentation in the case when np > 3.
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